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The thickness of a graph G is the minimum number of planar subgraphs whose union is G. A 
^-minimal graph is a graph of thickness t which contains no proper subgraph of thickness t. In this 
paper, we show that the complete bipartite graph on two sets each containing 4^-5 vertices is /-minimal 
for all t 5= 2. We also show that if the complete graph on 16 vertices has thickness 4, it is 4-minimal. 
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A graph is a finite set of points, called vertices, together with a finite set of line segments, 
called edges, such that each end point of an edge is a vertex and two edges meet only at an end 
point of each. The end points of an edge are said to be joined by the edge. A subgraph H of a 
graph G is a subset of the edges and vertices of G such that the end points of every edge in H 
are also in H. 

A graph is planar if it can be drawn in the plane in such a way that no two distinct points of 
the graph are mapped to the same point of the plane. The thickness t(G) of a graph G is defined 
[7] 1 as the minimum number of planar subgraphs whose union is G. A thickness-minimal, or 
t-minimal, graph is a graph of thickness t which contains no proper subgraph of thickness t. 

A graph is complete if every pair of vertices is joined by an edge; a complete graph with 
n vertices is denoted by K n . A graph G is bipartite if there is a separation of the vertices of G 
into two disjoint sets A and B such that every edge of G joins a vertex in A with a vertex in B. A 
bipartite graph is complete if every vertex in A is joined to every vertex in B; such a graph is denoted 
K m ,n, where m is the number of vertices in the set A and n is the number of vertices in the set B. 

In 1930 Kuratowski [6] proved that the only 2-minimal graphs are the homeomorphs of K 5 
and £3,3. In 1963 W. T. Tutte [7] showed that there exists an infinite set of nonhomeomorphic 
^-minimal graphs for each t ^ 3. However, the only known Mninimal graph for t ^ 3 has been 
Kq, which is 3-minimal [1, 7, 8]. 

In this paper we show that K 4 ts, 4t-5 is t-minimal for all t ^ 2. We also give an embedding, in 
three planes, of K i6 less one edge; hence if (as F. Harary suspects [5]) K iG has thickness 4, then 
it is 4-minimal. 

Lemma 1: t(K 4t -5,4 t -5) ^ t/or all t ^ 2. 

This lemma is a consequence of a more general theorem proved by Beineke, Harary, and Moon 
[4]. For completeness we include a simple proof of our lemma: 

PROOF: Let H x , . . ., H t \ be t-\ planar subgraphs of K 4 t-s, 4t-s, each Hi containing all St-10 
vertices in Km_5, «_5. Since the smallest circuit in a bipartite graph contains at least four edges, 
the number of faces F, in each Hi is related to the number of edges E\ in Hi by 

or 

Ft ^ VtEl (1) 



1 Figures in brackets indicate the literature references at the end of this paper. 
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By Euler's formula for the plane and inequality (1), 

or 

Ei ^ 16*-24. 

Summing over all t-l planar subgraphs //*, at most 

E' = (t-l) (16*-24) = 16* 2 -40*+24 

edges of K^s, 4t-5 can be contained in t-l planar subgraphs. But K^s, 4t-5 contains 

£=(4*-5) 2 =16j 2 -40* + 25 

edges, and E>E'. QED 

Thus, if we show that K 4 t-5,4t-5 less one edge can be embedded in t-l planes, we will have shown 
that it has thickness exactly t and is in fact Mninimal. We shall represent K n , n as the set of vertices 

{1, 2, . . ., n, A u A 2 , . . .,An) 

together with all edges joining a numbered vertex to a lettered vertex. By symmetry, the choice 
of the only edge to be placed in the £'th plane is arbitrary; we shall always use edge (1,^4 1). Since 
the construction of our main theorem is invalid for K 7 , 7, we need 
Lemma 2: K 7 , 7 is 3-minimal. 





FIGURE 1. K 7> 7 less one edge is biplanar. {Edge (1, Ai) is missing). 

PROOF: By Lemma 1, K 7t 7 has thickness at least 3. But figure 1 shows that K 7 , 7 less the edge 
(l,Ai) can be embedded in two planes. QED 

The following theorem is proven by construction; we have made this construction subject 
to the extra condition that the lettered vertices are placed on a circle in the same order in each 
of the planes and no edge of the graph may cross the circle in any plane. 

A numbered vertex in Plane TV is said to be simply joined in that plane if it is joined by edges 
to exactly two lettered vertices which are adjacent on the circle. Clearly any number of numbered 
vertices may be simply joined to lettered vertices in any plane without affecting the remaining 
construction. 
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THEOREM: K^-s, 4t-s is t-minimal for all t ^ 2. 

Proof: By the well known result for Ks, 3 and Lemmas 1 and 2, we need only embed K 4 t-5, us 
less edge (1, A\) in t-\ planes for each value of t ^ 4. To begin the construction, illustrated in 
figure 2 for /Ci 5 , 15, place the lettered vertices on a circle in each of the t-\ planes, using the same 
order around the circle in each of the planes (we have used Ai,A 2 , . . . , A 4t - 5 in clockwise order). 

1. Place vertex 1 outside the circle in Plane 1 and join it to the 2t — 2 consecutive lettered 
vertices A 2 , A 3 , . . ., A 2t -\. Since edge (1, A\) is excluded from the t— 1 planes, we complete 
vertex 1 by simple joins in Planes 2, 3, . . ., t—1, joining it to vertices A 2t and A 2t+ \ in Plane 2, 
to A>2t+2 and Azt+s in Plane 3, . . ., and to A\t-% and A^t-h in Plane t— 1. 

Call the region in Plane 1 outside the circle bounded by the portion of the circle having let- 
tered vertices not joined to vertex 1 and by the two edges (1, A 2 ) and (1, A 2t -\) the large outside 
region of Plane 1. 

2. Place vertex 2 inside the circle in Plane p, p = 2, 3, . . ., £— 1, and join it to vertices A 2p - :i 
and A 2p+2 t-6 in that plane. 

Note that the connections made in step 2 split the interior of the circle in each of Planes 2 
through t— 1 into two parts. One is bounded by the two edges joined to vertex 2 and a portion of 
circle containing 2t~2 lettered vertices; let us call this the small inside region of Plane p. The 
other part of the interior is bounded by the two edges joined to vertex 2 and the remaining part 
of the circle, containing 2^-1 lettered vertices; we call this region the large inside region. 

3. Place vertex 2 inside the circle in Plane 1 and join it to the lettered vertices to which it 
was not connected in step 2, namely to the lettered vertices with subscript 2, 4, 6, . . ., 2^ — 4, 
2^-3,2^-1,2^4-1, . . ., 4*-7, 4* -6, and 4* -5. 

Step 3 completes the connection of vertex 2. Define a gap to be a region in Plane 1 bounded 
by a segment of the circle having three consecutive lettered vertices on it, the middle one not 
being connected to vertex 2, and by the edges joining vertex 2 to the other two lettered vertices 




Figure 2. Plane 1 o/K 15 , 15 . 
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on the segment. There are 2(t — 2) = 2£ — 4 gaps in Plane 1. A vertex which is joined to 2t — 2 
lettered vertices in one plane cannot be completed by simple joins in the remaining t — 2 planes, 
since using only simple joins would leave it connected to only 2t — 2 + 2(^ — 2) —\t — 6 lettered 
vertices, one short of the required number. We shall use the gaps in Plane 1 to make up the deficit 
during the next few steps. 

4. In Plane p, p = 2, 3, . . .,£ — 2, place vertex p + 1 inside the small inside region and join 
it to the 2t — 2 lettered vertices having subscripts 2p — 3, 2p — 2, . . . , 2p + 2t — 6 on the boundary 
of that region. 

Note that vertex 2 is joined to vertices A 2p -z and A 2p+2t -6 in Plane p, so that the lettered ver- 
tices named really are on the boundary of the small region. 




Figure 2. Plane 2 of K, 5 , i 5 . 

5. For p = 2, 3, . . ., t — 2, place vertex p + 1 inside the gap in Plane 1 which has lettered 
vertices A 2p+2t -z, A 2p+2t - 4 , and ^2^+2^-3 on its boundary. Join vertex p+1 to those three lettered 
vertices. 

The gap required by step 5 exists because in step 2 vertex 2 was joined to the lettered vertex 
having subscript 2(p+l) + 2t — 6 = 2p + 2t -4 in Plane p + 1 for each p = 2, 3, . . .,£ — 2. 

6. For p = 2, 3, . . ., t — 2, join vertex p+1 to the remaining 2t — 6 lettered vertices by 
using simple joins in the planes other than 1 and p. 

7. In Plane t — \, place vertex t inside the small region, which has the lettered vertices with 
subscripts 2t — 5, 2t — 4, . . ., 4£ — 8 on its boundary, and join vertex t to those lettered vertices. 

8. Place vertex t in the gap in Plane 1 having lettered vertices with subscripts 4£ — 5, 1, and 2 
on its boundary (this gap exists since vertex 2 is joined to vertex A\ in Plane 2) and join vertex t to 
those lettered vertices. 

9. In Plane 2, place vertex t between vertices A 4t -i and A 4t -& and join it to those vertices, 
a simple join. 

10. Using simple connections in Planes 3, 4, . . ., t — 2, join vertex t to the remaining 2£ — 8 
consecutive lettered vertices A3, A 4 . . . ., A 2 t-6> 
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Figure 2. Plane 3 o/K 15 , i 5 . 

Now we have used t — 2 of the gaps in Plane 1, leaving us with t — 2 more gaps, and we have 
not placed any edges or vertices outside the circle in any of Planes 2, . . ., t — 1. 

11. In Plane p, p = 2, . . . , t — 2, place vertex p + t — 1 outside the circle and join it to the 
2^ — 2 consecutive lettered vertices having the subscripts 2p + l, 2p + 2, . . . , 2p + 2t — 2. 

Call the region bounded by the rest of the circle and the two edges (p + t— 1, A 2j) +\) and 
(p + 1 — 1, A 2p + 2t - 2 ) the /arge outside region of Plane p. In step 11 vertex p + t — 1 is joined to the 
2^ — 2 lettered vertices immediately following the three lettered vertices on the boundary of the 
still unused gap produced by the connection of vertex 2 to vertex A% p -\ in Plane p + 1. Hence the 
following step: 

12. In Plane 1, place vertex p + t — 1, p = 2, . . ., t — 2, in the gap having vertices ^2p-2, 
A 2p - U and ^ 2 ,, on its boundary, and join vertex p + t— 1 to those three lettered vertices. Use simple 
joins to complete the connections of vertex p + 1— 1 in the planes other than 1 and p. 

13. In Plane t — 1, place vertex 2^ — 2 outside the circle and join it to the 2^ — 2 consecutive 
lettered vertices having subscripts 2t, 2t+ 1, . . . , it — 5, 1, and 2. Place vertex 2t — 2 in Plane 1 
in the one remaining unused gap, having vertices A 2t -3, A 2 t-2-> and A 2t -\ on its boundary, and 
join vertex 2^ — 2 to those lettered vertices. Complete vertex 2t — 2 with simple joins in Planes 2, 
3,. . ,,t-2. 

Call the region bounded by the rest of the circle in Plane t—\ and by the two edges (2£ — 2, 
A 2t ) and (2£ — 2, A 2 ) the large outside region of Plane t—l. Now each of the large inside regions 
and large outside regions in Planes 1 through t — 1 has 2*— 1 lettered vertices on its boundary. 
A numbered vertex placed in any one of these regions can be joined to 2t — 1 consecutive lettered 
vertices there, leaving only it — 5— {2t— 1) =2t — i = 2(t — 2) consecutive lettered vertices to be 
joined to it. These remaining connections can easily be completed by simple joins in the remaining 
planes. Specifically: 
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Figure 2. Plane 4 of Ki 5 , 15. 



14. In Plane p, p = 2, 3, . . ., t— 1, place vertex p + 2t — 3 inside the large inside region and 
join the vertex to the lettered vertices with subscripts 2p + 2t — 6, 2p-\-2t — 5, . . ., 4( — 5, 1, 
2, . . . , 2p — 3. Complete vertex p-h2( — 3 in the remaining t — 2 planes with simple joins. 

15. In Plane p, p= 1, 2, . . . , £— 1, place vertex p + 3£ — 4 in the large outside region and join 
the vertex to the 2t — l consecutive lettered vertices on the boundary of the region. Complete 
vertex p + 3t — 4 in the remaining t — 2 planes with simple joins. 

This completes the construction. 

It will be noticed that the connections of vertex 2 play a key role in carrying out the above 
construction. A gap is created in Plane 1 because of the connections of vertex 2 in some Plane 
p-hl, and this gap is used by a vertex whose other nonsimple joins are in Plane p (or in Plane 
t—l for the case of p= 1). It is this interdependence of the connections in three planes at once 
that prevents the use of the above construction for K 7 , 7, for which (—1 = 2, and thus requires 
Lemma 2. 

Another possible class of ^-minimal graphs is {K^t)} for some appropriate function <p(t). 
Since K 5 is 2-minimal and K 9 is 3-minimal, we know the value of <p(t) for t = 2 and 3. The thickness 
of Ki6 is known to be either 3 or 4. Figure 3 shows that K 16 less edge (1, 16) can be embedded in 
three planes; therefore, if Ki 6 has thickness 4, it is 4-minimal. See Beineke and Harary [2 and 3] 
for further results on t(K n ). 



The authors thank Jack Edmonds for his many invaluable suggestions during the preparation 
of this paper. 
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Figure 3. Plane 1 ofK l6 less edge (1, 16). 
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FIGURE 3. Plane 2 ofK i6 less edge (1, 16). 
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FIGURE 3. Plane 3 o/K, 6 less edge (1, 16). 
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